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Again About Calculating Of Limits Of Some Sequences With The
Help Of Integrals

Teodor Dumitru Valcan

Abstract: According to the curricular documents, learning Mathematics in school aims to raise awareness of the
nature of Mathematics as a problem-solving activity, based on a body of knowledge and procedures, but also as
a dynamic discipline, closely linked to society through its relevance in everyday life and its role. in Natural
Sciences, in Technologies and in Social Sciences. The major meaning of the current references in teaching -
learning Mathematics is shifting the emphasis from teaching knowledge that has essentially remained the same
from the old programs, on capacity building, where "using different strategies in solving problems" occupies a
special place. This paper falls into this context; continuing the steps begun some time ago, a way to calculate the
limits for four categories of strings is presented here, with the particularities and related examples.
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I.  Putting the problem

In a recent paper (Vilcan, 2016), titled very suggestively From Mathematics Spectacle. Examples of
Good Practice for Pupils, Students and Teachers, we have proposed, obtaining remarkable limits of sequences,
at the upper level of the high school, so only using mathematical knowledge learned in school, but in a
comprehensive approach. So, first we used Moivre's formula and Newton's binomial in solving three higher-
level algebraic equations, after which, using Viéte's relations, we got some inequalities that helped us calculate
the limits of remarkable sequences. Finally, we applied the results obtained when calculating the limits of less
known sequences.

In the paper From limits of sequences to definite integrals - (Valcan, 2017) we have approached from the
inductive but also deductive perspective the problem of calculating the limits of some special classes of
sequences of real numbers, using the define integral, and in the paper From integrable functions to limits of
sequences - (Valcan, (1), 2018), | started the reverse: from certain definite integrals we have determined two
classes of convergent sequences and their limits.

Finally, in the paper (Vilcan, (II), 2018) - entitled The spectacles of Mathematics ... continues, we
continued the ideas presented in the papers mentioned above and we calculated the limits of other categories of
sequences of real numbers.

In this paper, as mentioned above, we will continue this approach and present ways to calculate the limits
of other sequences of real numbers.

I1.  Main results, particular cases and examples
This paper is a continuation of the paper (Valcan, 2017) and, implicitly, of the paper (Valcan, 2016),
where | have shown that the following equalities hold:
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-dx , with p, g, r, seN" and p<r<s<q.
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Also in (Vilcan, 2017) we calculated or proposed for calculation 16 limits for type A sequences, 24
limits for type B sequences, 24 limits for type C sequences and 16 limits for type D sequences.

Therefore, in the following, we will respect the ideas and numbering made in (Vilcan, 2016) and
(Valcan, 2017).

We start presenting the new results:

E) Theorem E: If p, g, r, seN" and p<r<s, then:
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because, according to (Valcan, 2016, Proposition),
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The following remark is required here:

n—oo

Remark EO: A simple calculation shows us that:
al-a2+a3—a4:0,
which tells us that none of the above integrals is not improper.

Corollary E1: If geN”, then:
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because, according to (Vilcan, 2016, Proposition),
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Example E1.1: The following equality holds:
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Proof: Equality (E1.1) is obtained from equality (E1), for:
q=1,
or by direct calculation. Thus, for every ke N*,
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Proof: Equality (E1.2) is obtained from equality (E1), for:
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or by direct calculation. Thus, for every keN*,
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Example E1.4: The following equality holds:
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(E1.4)
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a=4,
or by direct calculation. Thus, for every ke N*,
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4-k-(4-k+1)-(4-k+2)-(4-k+3) 6 \4-k 4-k+1 4-k+2 4-k+3

1 1
:% J’(x‘”‘l 3. x4 3. xR _xHke2y. dx-— J.[(l 3-x+3-x% = x%) - x** 1. dx
0
1 1
= 4-k-1
== I[(l )% x4 dx .
0
So,
n 1 1o
lim =2 j(l %)% - x*k 1. dx
e €=(4-K)-(4-k+1)-(4-k+2)-(4-k+3) 6 n» s
1 ak1y g -1 Ak,
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1
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because, according to (Valcan, 2016, Proposition),
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Example E2.1: The following equality holds:
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lim > ! -8 (E2.1)
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Proof: Equality (E2.1) is obtained from equality (E2), for:
q=1,

or by direct calculation. Thus, for every ke N*,

1 _1(3_8 & 1
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1
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= . _v)3. . k-1 )
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1
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0

Example E2.2: The following equality holds:
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n—oo
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n

Proof: Equality (E2.2) is obtained from equality (E2), for:

9=2,

or by direct calculation. Thus, for every keN®*,
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1 1
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0

0

1
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1
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n—w 0 —

n} = (1_X)2'(X+3)-x~(1—x2'”).dx
24

1+x
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1+Xx
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0
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— . lim -dx
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1+X
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8-5- —+——8 In2 —i §—8 In2
4 24 \ 4
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Example E2.3: The following equality holds:

im 2, = -1
now &= (3-K)- (3-k+1)-(3-k+2)-(3-k+4) 48

n

2 _3.1n3-5.43.5 ).
2 3

(E2.3)

Proof: Equality (E2.3) is obtained from equality (E2), for:

9=3,

or by direct calculation. Thus, for every keN*,

1 1 (s &8 6 1
3-k~(3-k+l)-(3~k+2)-(3-k+4) 24 (3-k 3-k+l 3-k+2 3-k+4

So,

4) X X3-kfl] .dx

Joer

K. 3K _x3k+3y. dx—— J.[(S 8-X+6-x>

14 : J' [L-%)%- (x+3)-x** ] dx.
0

(E2.2)
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R 1 3k-1
nlﬂl ~(3K)-(Bk+1)-(3k+2)-(3k+4) 24 Jim ZI[(l x)°-(x+3)-x*]-d

:2_14 lim IZ[(l x)% - (x +3)-x¥*1]. dx- I|m J[(l x)% - (X +3)- ZXBK 1] dx

k=1
3n 3n
-1 Ilm I 1-x)%-(x+3)-x? dx—i- lim (1 X)° (x+3)-x*-(1-X )
24 1—x 24 now 0 1+ X+ X2
_ . i 3n+2
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1 1
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24 0 1+X+x2 24 0 1+X+X
1
:i J(x -6- x+9—§ 2:x+1 +E~ 5 ! j-dx
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1 x?  x* 2-x+1) |1
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2
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Example E2.4: The following equality holds:

n
lim Z L =12 5noon). (E2.4)
now e=(4-k)-(4-k+1)-(4-k+2)-(4-k+4) 24 \ 4
Proof: Equality (E2.4) is obtained from equality (E2), for:
q=4,
or by direct calculation. Thus, for every keN*,

1 _1 (3 8 N 6 1
4-k-(4-k+l)~(4-k+2)-(4~k+4) 24 \4-k 4-k+1 4-k+2 4-k+4
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:2_14 lim J‘{(l X)%- (x+3)-X° 1_:n:| dx_2_14.n|i_>r1 0(1—x)zl-ix)(JrJr33(-2xJ‘j;((31—x‘”‘),dx
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-dx

1 j(l x)2 - x° (x+3) " - t(L=x)2-(x +3)- x4
1+ x+x2+x° 24 now ! 1+ X+x%+x°

5 4 3 1
_5. . 4 2. 1
I XE +x 5;( +§ X -dx:i-.[(x3—6-x+8— + ZX —4.— j-dx
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N
-th

N
.|>|"‘

2
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2" 4 4) 24 \ 4

x2 x* ) 1
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N
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1 .
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e d Lex x4

Corollary E3: If geN”, then:

-dx =0.

1
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LN N e N N R ! e &)

Proof: Equality (E3) is obtained from Theorem (E), for:
p=1, r=3 and s=4,
or by direct calculation. Thus, for every ke N*,

! Sty 2 2 1
g-k-(q-k+2)-(q-k+3)-(q-k+4) 12 \g-k g-k+1 g-k+3 qg-k+4

1 1
-1 J-(xq'k‘1 —2.XHK 4 2. xIKH2Z _yakt3y gy = L I[(l— 2-x+2-x3 = x*) - x*L1dx
12 0 12
1 | 3 k-1
:E-I[(l—x) (X +1) - xT* . dx

So,

. s 1 g-k-1

" kzzl‘(q @ KD @ ki3 @Kkid) 12 am ZI[(l X)X+ D) X dx

=L im jzn:[(l—x)g'-(x+1)-xq"<*l].dx:i- lim j{(l—x)3-(x+1)~2xq'k1}-dx
n—so0 = 12 now 0 ]

L lim j 1) (x4 D) x| g

2 noow 5 1

-dx

I j(l—x)3.(x+1).xq‘1_dx_

J-(l x)% - (x +1) - x (Dt
12 n—oo 0

1—x9 n—o 1—x¢

-dx,

i_j(1—><)3-(x+1)~xql
1-x4
because, according to (Valcan, 2016, Proposition),
Lo a3, o (n+)-g-1
lim 1—x)7-(x+1)-x

n—>o0 _ vy
5 1-x

-dx =0.

Example E3.1: The following equality holds:

n
lim »° ! -5 (E3.1)
now =k (k+1)-(k+3)-(k+4) 144
Proof: Equality (E3.1) is obtained from equality (E3), for:
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0=1,
or by direct calculation. Thus, for every ke N*,

1 _1 (1 2 N 2 1
k-(k+1)-(k+3)-(k+4) 12 \k k+1 k+3 k+4

1 1
= fo o2 2 %)k - 2ex 20 X e
0

1
—i. _x)3. yk-17.
== Jla-2% (e X0
So,
i n 1 k-1
2 ke w12 A Zf[(l X (¢ +3)-X7]-dx
:% lim jZ[(l x)%- (x+1)-x* 1] dx-— I|m j[(l X)% - (x+1)- Zxkl .dx
:% lim j[ } dx-— lim j[(l %)2 - (x+1) - (L—x")] - dx
_ 1 2. e L a2 o
"0 !l(l X)°-(x+1)]-dx- = - lim ![(1 X)2-(x +1)-x"]-dx
1
=i-j(x3—x2—x+1).dx:i.{X_X_Z_X_3+X_4J1
12 0 12 2 3 40
_1 [ 11 1) 1 5_5
=—l-=—=+= == —=
12 7 2 3 4)712 12 144"
since:

1
lim j[(l—x)2~(x+1)~x”]-dx:0.
0

Example E3.2: The following equality holds:

n
lim Z 1 -1 (E3.2)
now #=(2-k)-(2-k+1)-(2-k+3)-(2-k+4) 144
Proof: Equality (E3.2) is obtained from equality (E3), for:
0=2,

or by direct calculation. Thus, for every keN*,

1 _tr 2 2 1
2.k-(2-k+1)-(2-k+3)-(2-k+4) 12 \2.k 2-k+1 2-k+3 2.k+4

1 1
=—. '|‘(x2"“1—2~x2'k +2.xZKZ _y2ke3y gy :% - I[(l—Z-x+2~x3—x4)~xk‘1]-dx
0

1
== [[a-%°- (DX ok

So,

s 1
N le(z K)-(2-k+1)-(2-k+3)-(2-k+4) 12 nﬁ

== lim jZ[(l X)°- (x+1)-x“ ] dx-— lim j[(l x)%- (x+1)- Zx” 1} dx

[(1-%)%- (x +2)-x?*71]-dx
ZI

International Journal of Arts Humanities and Social Sciences Studies Ve 112e 81



Again About Calculating Of Limits Of Some Sequences With The Help Of Integrals

)'dx

1 2N 1o 2 v (12N
L im | A=x)- (x4 1) x5 fogx = L gim [E2X) (XD X (A=X
2 now 0 1—x2 12 now 0 1+ X

1 1 1
1 2 1 - 2 ,2n+l 1 3 2
N [@-x)-x]-dx - = lim 1-x)“-x “dx == | (X° =2x° +Xx)-dx
> {[( ) x]-dx- - lim {[( Xt dx == f( )

0
1 (x? x3 x4

= | ——2. —
12 2 3 4

1
lim I[(l—x)z-xz'"“]-dx =0.
n—oo 5

2 3 4) 12 12 144

11(121)11 1
:____+ _____

since:

Example E3.3: The following equality holds:

n
lim Z L R E . (E3.3)
n—o £=(3-k)-(3-k+1)-(3-k+3)-(3-k+4) 24 | 6 3
Proof: Equality (E3.3) is obtained from equality (E3), for:
q=3,
or by direct calculation. Thus, for every ke N,

1 _i(1 2 2 1
3-k-(3-k+1)-(3-k+3)-(3-k+4) 12 \3-k 3-k+1 3-k+3 3-k+4

1 1
:_.J‘(Xa-k,l_z_XS.k+2.X3-k+2_X3~k+3).dX:$ 'J.[(l_?—'X'FZ-XB—X4)-x3‘k71]-dx
0

1
:% : J'[(1—x)3-(x +1)-x3* . dx .

So,
n
- - 3k-1
lim 1-x)°-(x+1)-x
N> Z(3 -G ki) GKe3)-Gked) 12 n ZI[( )2 (x+1)-x* ). d
! n
:% lim J.Z[(l X) (X+l) X3k l] dx—— J.|:(1_X)3'(X+1)'ZX3IKl:|~dx
0 k=1
3n
== lim J- L-x)%- (x+1)- x> 1-x° dx—i. lim P A=) (x+1)-x2-(1-x ) 4
12 n—oo 0 1—X el J 1+X+X
[@-x)? -x? La—x2. 3n+2
:i_j(l X) (X+21) X - lim 1-x) (x+1)2x i
12 1+ X+X 12 noe 1o xax
1
=1 J.[x _oy243.3. 2x+1 3 1 ]dx
123 2 x24x+1 2 xP1x+l
L. X! +1\ L
== |3x-2 —+——— In(x? +x +1) — /3 -arct
:i- 3—2+1_§.|n3_n' 3 :i 31 I \/_
12 3 4 2 6 | 24 (6 3
since:
L 1—x)2. y3n+2
lim 1-x) (X+l)2X dx =0,
=9 1+X+X

Example E3.4: The following equality holds:
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n
lim > : -1 (2) s
o0 & (4-K)-(4-k+1)-(4-k+3)-(4-k+4) 24 (6
Proof: Equality (E3.4) is obtained from equality (E3), for:
q:4,

or by direct calculation. Thus, for every keN®*,

1 _1(r 2 2 1
4.K-(4-k+D)-(4-k+3)-(4-k+4) 12 {4k 4-k+l 4-k+3 4-k+4

1 1
:% : J‘(x‘“"l — 2. xR 2 x K2y HKE3y gk :% - J‘[(1—2~x+2-x3 —x*)-x** 1. dx
0 0

1
_ J.[(l— %)% (x +1) - dx .
0

12
So,
n 1 1 n 1l 5 y
lim =—. lim I 1-x)%- (x+1) - x*1]-dx
n—»ookZ:;'(4-k)-(4-k+l)-(4-k+3)-(4~k+4) 12 noe ;0[( )+ x
1 < 1 : n
== . lim 1-x)° - (x+1) - x* edx == lim || @-x)3-(x+1)- Y x**7|-dx
! _y4n 1_2‘ 3 (14N
-1 im J- (1—x)3-(x+1)~x3-1 X4 dx=L o gim (£ (X+1)2X (i X7 dx
12 now 5 1-x 12 now : 1+ X+ X" +X
1o 2. 3 Lo N2,  An+3
:i_j(l X) (x2+1)3x -dx-i- lim 1-x) (x+21) x3 dx
12 1+ X+X°+X 12 now e 1x+x7+X
L 3 4
1
:i-'[(x3—2x2+2—2- : J-dx:i- 2.x-2-2 22X 2 arctgx
12 5 X“+1 12 3 4 0
:i. 2_3_'_1_2,2 :i. Q—TC ,
12 \"7372 “4) 24 s
since:

Lo e,  An+3
lim j(l X)X HD X gy oo,

1+ X+ X2 +x°

n—oo

Corollary E4: If geN”, then:
n t1-x)3.(3- XL
lim > 1 :i-j(l CRSOR S (E4)
noo #=(q-K)-(q-K+2)-(q-k+3)-(q-k+4) 24 ° 1—x4
Proof: Equality (E4) is obtained from Theorem (E), for:
p=2, r=3 and s=4,
or by direct calculation. Thus, for every keN*,

! - tftr 6 ., 8 3
g-k-(q-k+2)-(g-k+3)-(g-k+4) 24 \g-k gq-k+1 q-k+3 q-k+4

1 1
:Zi : I(xq'k’l—G-xq'k +8-x9Kr2 _3.xIK+3) . dx :2—14 -I[(1—6~x+8-x3—3~x4)~xq'k’l]~dx
0 0

1
:2—14-J.[(l—x)3-(3-x+1)-xq'k’1]-dx.
0

So,
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. : 1 k-1
T G0k (K3 (@ ked) 24 no Zj[a X’ @x+1) X d

:2_14 lim IZ[(l x)%-(3-x+1)-x¥* 1] dx— ||m j[(l x)%-(3-x+1)- quk 1. gx

T R (3exa ) k0L X ]
=24 JLn; J.{(l X)?-(3-x+1)-X :Idx

1-x1
) R 1 3 (2. (n+1)-g-1
:i J(l x)%-(3-X +1)-x -dx-i- lim (@1-x)*-(3-x+1)-x dx
24 n—>oo 1—x4 24 now 0 1—x9

-dx,

_L_J(l—X) B-x+1)-xT
1-x9
because, according to (Valcan, 2016, Proposition),

1 )3 . (2. Ly (n+1)-q-1
lim @-x)"-(3:-x+1)-x

-dx =0.
n—oo 0 1—Xq

Example E4.1: The following equality holds:

n
lim " ! = (E4.1)
noo £=Kk-(k+2)-(k+3)-(k+4) 288
Proof: Equality (E4.1) is obtained from equality (E4), for:
9=1,
or by direct calculation. Thus, for every ke N*,

1 _1 (1 6 N 8 3
k(k+2) (k+3)- (k+4) 24 \kK k+2 k+3 k+4

1
=—. I(xk‘1—6~xk+1+8-xk+2 ~3-x*%).dx :% : I[(1—6~x2+8-x3—3ox4)~xk‘1]-dx
0

1
:2—14-J'[(l—x)S.(3-x+1).xk-l].dx.

So,
lim Zn: ! -1 I[(l %)% (3-x+1)- X 1] dx
now ek (k+2)-(k+3)-(k+4) 24 o
1 C 3 k-1 1 3 k-1
=, lim jZ[(l—x) (@x+D) K de= - lim j{(l—x) -(3-x+1)-Zx }-dx
o k=1 0 k=1
1 1
_ 1 . 3 1-x" _ 1 . 2 N
= n||_)r701O ﬂ(l X)7-(3-x+1) —1—x:| dx-24 nll—>n;'o v([[(l X)“ (3 x+1)-(1—-x")]-dx
1 1 h
— 2- . . - — 1 _— 2- . . n .
= ![(1 X)?-@-x+D)]-dx- - lim ![(1 %)% -(3-x+1)-x"]-dx
1 2 3 4
=i-J.(3~x3—5~x2+x+1)‘dx=i- x+X 5. X 3. X !
24 ) 24 2 3 4o
1 [ 15 3) 17 7
= Jl+4-——F—-|=—  — =
24 "2 3'4) 24 12 288’
since:
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1
lim j[(l—x)2 -(3-x+1)-x"]-dx =0.
0

Example E4.2: The following equality holds:

n
lim Z 1 -1 [g.n2-8), (E4.2)
noe €=(2-K)-(2-k+2)-(2-k+3)-(2-k+4) 24 12
Proof: Equality (E4.2) is obtained from equality (E4), for:
0=2,
or by direct calculation. Thus, for every ke N*,

1 _1 (1 6 N 8 3
2:k-(2-k+2)-(2-k+3)-(2-k+4) 24 \2-k 2-k+2 2-k+3 2-k+4

1
=—-J.(Xz'k’l—6~X2'k+1+8~xz'k+2—3~X2'k+3)-dX:2—14 -J.[(1—6~X2+8-X3—3~X4)-x2'k’l]-dx
0 0

1
:2—14-J’[(l—x)S.(3.x+1)-x2"‘-l]-dx.

So,
\ 1 S 3 2k-1
lim 1-x)7-(3-x+1)-x“"]-dx
n—o Z:(2 k)-(2-k+2)-(2-k+3)-(2- k+4) 24 na 1.([[( ) ) ]
1 n
:2_14 lim jZ[(l %)% (3-x+1)-x2k 1] dx—— j[(l—x)S~(3-x+1)-Zx2'k‘l:|-dx
0 k=1
_y2n v (1D
=L lim j (1-x)% @ x+1)x- 2| ax =L . i J'(l X)°-@x+D)-x-(A-xXT)
24 now 0 1— 24 n—>oo 1+X
1 — 2. . . . .
_ 1 (1-x) X(3X+l)~d 1 lim J(l X)%-(3-x+1)-x""* dx
24 ° 1+x 24 o 1+x
Lia y4 _£.y3. 2 2 3 4
=ij 3 X TS XXX -dxzi- —8-x+9-x——8~x—+3~x—+8-In(x+1)
24 0 X+1 24 2 3 4 0
:i-[—8+g—§+§+8'ln2]:i-(8~In2—§j,
24 2 3 4 24 12
since:
La W2 (2. N+l
lim (1-%x)°-(3-x+1)-x dx =0
n—oo 0 1+x
Example E4.3: The following equality holds:
n
lim " L L% 9 +”"/§ . (E4.3)
noe £=(3-k)-(3-k+2)-(3-k+3)-(3-k+4) 48 | 6 3
Proof: Equality (E4.3) is obtained from equality (E4), for:
9=3,

or by direct calculation. Thus, for every ke N,

1 1 (1 & 8 3
3.k-(3k+2)-(3k+3)-(3-k+4) 24 \3-k 3-k+2 3-k+3 3-k+4

1 1
=2—14 : J.(xs"“1 —6-x3H 8. xFHr2 _3.x3K+3) dx =2—14 : J.[(1—6'x2 +8-x3-3-x*)-x¥*.dx
0
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1
:—-J.[(l—x)3-(3-x+l)-x3'k’1]~dx.

So,

i n L 3k-1
lim Z(g k)-(3-k+2)-(3-k+3)- (3 k+4) 24 M ZI[(l x)%-(3-x+1) - x¥* 1. dx

1
- lim IZ[(l x)°-(@x+1)-x*-dx= - lim j{a X)%-(3-X+1)- 2x3k | dx
0

1 1 1 3n
lim || @=-%)%-(3-x+1)-x%- . -dx

2 n—oo _X

La 2. (2. 2 (13N
:i-lim @-x)"-(3x+1-x"-(1-x

5 )-dx
24 now 5 1+ X+X

-dx

1 tA-x)?2-x2-(3-x+1) F1-x)%-(3-x+1)-x3"2
—I > -dx-— - lim >
1+X+X 24 n—w 0 1+X+X

{3~X5—5-x4+x3+x2J
-dx

X2 +X+1

|
|

(3 x3-8-X°+6-X+3—— 5 +—
2 X“+x+1 2 X2 +X+1

9 2.x+41 3 1 de

J3 o
6 8 3 9 +m/§]_1 (49 n-ﬁ]
= |

0
2 3 4
1
-{3~x+6.%—8-%+3-%——-|n(x +X+1)+4/3 arctg( X+1B‘

-9-In3+
6

48

since:
1
lim 1-x)?-(3-x+1)-x3M+2
N J 1+x+x2

-dx =0.

Example E4.4: The following equality holds:

n
lim > 1 =1 (B 3m2-x]. (E4.4)
now #=(4-K)-(4-k+2)-(4-k+3)-(4-k+4) 24 (12
Proof: Equality (E4.4) is obtained from equality (E4), for:
q=4,
or by direct calculation. Thus, for every keN*,

1 1 (1 & 8 3
4.K-(4K+2)-(4-k+3)-(4-k+4) 24 \ 4k 4k+2 4-k+3 4-k+d

h 1
:ﬂ . J‘(X4-k—1_6~X4-k+1+8.x4'k+2 _3,X4-k+3),dxz2_14 . J.[(l_s'xz+8‘X3—3~X4).X4'kfl],dx
° 0

1
14 -I[(l—x)s-(3~x+1)~x4'k‘1]~dx.
0

So,

L 1 4k-1
am Z:(4 ) @Ki2) @Kkid) (dked) 24 oo Zj[(l %" @x+D)-xH T d
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1n 1 n
=2 r!'_[?g J.Z[(l X)7-(3-x+1)-Xx ]dX—24 n“_[’?g ﬂ(l x)%-(3-x+1) kzﬂlx dx

1 1 4n
:—-Ilmjlx 3-x+1)-x3- -dx
24 =0 )X
L im f1-x)%-(3-x+1)-x3-(1— x“")
24 noe d 1+ x+x2+x°
1 -x)2 X33 x+1) o tim FA-x)?-(3-x+1)-x43 "
24 1+x+x2+x° 24 now L Lexa e
1 3-x8 5. x%+x+x3
= J. -dx
24 0 X3+ x2+x+1
1 ¢ 1 1 X
=— I(B x3-8-X*+6-X+4- -4 ——-2-— ]-dx
24 0 X+1 X“+1 X“+1
1 x? x4
= 6-——8-—+3 X 14 In(x+1)—4-arctgx —2-= In(x +1)
24 2 4
:i- E—§+3+4 IN2—n—In2 —i 13 +3-In2—-x
24 \2 3 4 24 (12
since:
14 W2 (2.  An+3
lim 1=x)"-@ X:l) ;( -dx =0.
n—ow o 1+ X+X"+X

We now move on to another category of sequences.
F) Theorem F: If p, g, r, s, teN* and p<r<s<t, then:

. 1 o { F(x) }
lim =q- lim -dx, ()]
no ;(q-k+p)-(q-k+r)-(q-k+8)-(q~k+t) Hw! 1-x¢
where:
F(X)=( - X P+ 0 X7 P- 0y X P) xP 1,
o= ! ,
(r=p)-(s—-p)-(t=p)-(s—1)-(t—r)-(t-9)
o =(s-1)t-r) (t-s), =(s-p) {t-p) (t-s), az=(r-p)(t-p)(t-r),

as=(r-p)(s-p)(s-r).
Proof: For every keN",

1 a  dp az Oy
(q-k+p)-(q-k+r)-(q-k+s)-(q~k+t) qk+p qk+r g-k+s qg-k+s

—a I(al . Xq-k+p—1 —a, _Xq-k+r—l + 0y Xq-k+s—1 — oy _Xq»k+t—1) .dx
0
1
=a- I(al —0y X 4oy XS —oy xR xR gy
0
where:
1

P 6-p) t-p) - G-n-(t-n- (-9’

. o =(s-1)-(t-1)-(t-9), 02=(8-p)-(t-p)-(t-5), og=(r-p)-(t-p)-(t-1), 0s=(r-p)-(s-p)-(s-1).
0,
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lim Zn: 1 _
e & (q-K+p)-(q-K+r)-(q-k+s)-(q-k+1)
n o1
=a- lim ZJ-[((X'J-_OLZ’Xrip+0L3‘X57p_a4'Xtip)-Xq'k+pfl].dX
n—o k:Oo
1n
=qa- lim J.z[((xl_az'xr_p+OL3'XS_p—0L4'Xt_p)-xq'k+p_l].dx
k=0

n—ow

|

S
=
=
g

n
(o =0ty XP+ag - XP —ay - xP)-xPE ZXq'k} -dx
k=0

r s t p 1-x(va
(g =0y X Ptog-xP—a,-x7P)-xP" I -dx
-X

1
Q
£3

|
Q
S —
é’_.
P ot O O O

(0 =0ty - X" P oy - x5P —oy - x P xPE i
1-x4

(0 =0y - X"P 0ty - X3P —ry - x1P) . x (DAL
1-x1

-a- lim -dx

n—oo

=q. j;|:(al —0p X" Pt xTP —ay 'ti)'xpl]dx :
° 1-x9
because, according to (Vialcan, 2016, Proposition),
0 {(al —0y X" oy xSy, - xEP). X(nﬂ)'q*pl} - dx =0.
° 1—x¢
Here, too, the following remark is necessary:
Remark FO: A simple calculation shows us that:
on-opt ag—a4=0,
which tells us that none of the above integrals is not improper.
Corollary F1: If geN”, then:

" 1 1 ta-x)°
lim == | —=.dx. Fi1
2@k @ kD)@ kY @k d) & 1 )
Proof: Equality (F1) is obtained from Theorem (F), for:

p=1, r=2, s=3 and t=4
or by direct calculation. Thus, for every ke N*,

lim

n—oo

1 _1 1 3 N 3 1
g-k+D)-(g-k+2)-(q-k+3)-(g-k+4) 6 {(g-k+1 g-k+2 qg-k+3 q-k+4

1
:% . J.(qu _ 3 XQ'k+l +3 . Xq~k+2 _ Xq~k+3) . dX
0

1
=% : J‘[(1—3-x+3~x2 —x3)-x9*]-dx .
0

So,

lim Zn: 1 =
n—w £ 0-k+1)-(q-k+2)-(g-k+3)-(q-k+4)

n 1l
=1 im > [la-3:x+3:x2 -x%) - x*]- x
6 n—o k=00
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n
=L lim IZ[(1—3-X+3-X2—Xs)-Xq'k]-dX
6 n—oo k:O
1 h n
== lim {(1—3~x+3-x2—x3)-qu'k]dx
6 now
0 k=0
! (n+1)-q
:i- I(l 3x+3x—x)1x—-dx
6 n—>oo < 1-x4
1, 4 23 Irn_a. 2 o3y (nD)q
:i_“mj-lsx+3x Xodx-i-lim (1-3-x+3-x°=x7)-x dx
6 noeo 1-x4 6 noeo 1-x1
0 0
_Lopa=x?,
6 1-x9
because, according to (Valcan, 2016, Proposition),
Irn_a. 2 o3y (ntD)q
lim [(1 3:X+3-X°=Xx7%)-X ]dxzo.
n—w 1-x4
Example F1.1: The following equality holds:
n
tim ) ! -1 (F11)
no &=(k+1)-(k+2)-(k+3)-(k+4) 18
Proof: Equality (F1.1) is obtained from equality (F1), for:
q=1,

or by direct calculation. Thus, for every ke N*,

1 1 (1 3 N 3 1
(k+l)~(k+2)-(k+3)-(k+4) 6 \k+1 k+2 k+3 k+4

1

1 1

S =3 xR 43 x K2 Ky dx = 2 | [(1-3-x +3-x%2 = x3)-xK]-dx .

= j( )-de=7 ![( )-x"]

So,
1 | 2.3y K

lim - lim [A-3-x+3-x°—x7)-x"]-dx
n—oo kz(k+1) “(k+2)-(k+3)- (k+4) 6 now Z(;.([

1 n 1 1 n
=2 lim IZ[(l—S-x+3-x2—x3)-xk]-dx=€-JLn; I[(l—s-x+3-x2—x3)~2xk}-dx

0 k=0 0 k=0

1 A 1-x"
==.lim {(1 3-x+3-x2=x%)- }dx

6 n—oo _X

1. o 23 1rn_a. 2 3y, Nl

:1.“ J'13x+3x X-dx-l-lim (1-3-x+3-x°—x%)-x “dx

6 n-oo 1-X 6 n-ow 1—-x

1o 3 1 2 31

:ij(l X) ~dX:£-I(1—2'X+X2)'dX:1' X_Z.X_+X_

6 5 1-x 6 0 6 2 30

1

:l 1_1+1 :i,

6 3)0 18

since,

1 2 3y n+l
lim {(1—3 X+3-X°=Xx%)-X }-dx -0

n—o 1-X

Example F1.2: The following equality holds:
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n

lim > ! =1 [4an2-2]. (F1.2)
noe £=(2-k+1)-(2-k+2)-(2-k+3)-(2-k+4) 6 2

Proof: Equality (F1.2) is obtained from equality (F1), for:
9=2,

or by direct calculation. Thus, for every ke N*,

1 O T T | )
2-k+1)-(2-k+2)-(2-k+3)-(2-k+4) 6 (2-k+1 2-k+2 2-k+3 2-k+4

r 1
= fOK o gt g ) = 2 [0 3x ) X e
6 6
o 0
1 1
2k
are I[(l x)*-x?*].dx .
0
So,
1 1 n 1
lim == lim 1-x)%-x?K]-dx
n—w kZ:(Z'k+1)'(2'k+2)‘(2'k+3)'(2'k+4) 6 n%wg.([[( ) ]
21 1 n
5 Jim 1-x)°-x**]-d ——-I'm 1-x)* 3 %2 |-dx
=5 IZ[( 0 x4 n;wﬂ( 93
r 2(n+1) L 2 2
=1 lim (1_x)3.1x— dx=t. J‘(l X)"-(1-x ) . ax
6 noeg -x? 6 " 1+X
t (1—x)? 2:(n+1)
=L 80 Lo im [0’
6 1+X 6 now 14X
0 0
r 2
1
21.[ x—3+i dx=1. X——3-x+4~|n(x+1)
6 9 X+1 6 | 2 0
=1 1 3+4-In2 _i 4.|n2_§ ,
6 2 6 2
since:
L 112y 2(n+D)
im0 o
6 nowx 5 1+ X

Example F1.3: The following equality holds:

lim i 1 1 (8 5,93 1) -
noo €=(3-k+1)-(3-k+2)-(3-k+3)-(3-k+4) 6 2 6

Proof: Equality (F1.3) is obtained from equality (F1), for:
q=3,
or by direct calculation. Thus, for every keN*,

1 _1 1 3 N 3. 1 j
(3- k+1) 3-k+2)-(3k+3)-(3-k+4) 6 \3-k+1 3-k+2 3-k+3 3-k+4

1
=% : J.(x3'k 3.3kl 3y Bke2 _y3K43y gx =% -'[[(1—3-x+3-x2 —x%)-x¥¥]-dx
0

H

=< I[(l %)% -x3K]-dx .

So,
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n n 1
lim ! -1 im Zj[(l-x)3-x3'k].dx
noo €=(3-kK+1)-(3-k+2)-(3-k+3)-(3-k+4) 6 now =
1 o 1 A n
T RVEY JE: 1S S T 3. 3k |
=5 nan:O J.Z[(l X)?-x7]-dx 5 JLn; j{(l X) Zx }dx
0 k=0 0
1 3(n+1) 3-(n+1)
=Loim [|a-x 22X |ax=1 - iim [a=x2 a0
6 now - N o 1+ X + X2
10 2 Lo 2 3+
:lj‘(l—x)zdx-l lim (lx)—xzdx
6 01+x+x 6 n—e o 1+ X+X
1
:1_1(13 2x+1+3 1 de
60 2 X2+x+1 2 x?+x+1
. 1 .
-1 x—— In(x? +x+1)+J_ 3-arctg 2:x+1 -1 1—§-In3+\/§ L ,
6 J3 JJo 6 2 6
since:
Lo )2 3(n+D)
n—oo 1+X+X

Example F1.4: The following equality holds:

lim Zn: 1 :i-(ilnz—ﬁj. (F1.4)
nn &= (4-k+1)-(4-k+2)-(4-k+3)-(4-k+4) 12 |2 2

Proof: Equality (F1.4) is obtained from equality (F1), for:
q=4,
or by direct calculation. Thus, for every ke N,

1 _1 1 3 N 3 1
(4-k+1)-(4-k+2)-(4-k+3)-(4-k+4) 6 \4-k+1 4-k+2 4-k+3 4-k+4

1 1
:% : I(X“"‘ =3 XML 3 x K2y 4ks3) gy 2% 'I[(1—3~X+3-X2 —x%)-x**]-dx
0

[(A=x)%-x*¥]-dx .

11
o
Ot O

So,

lim S 1 Lo J'[(l %)% - x*¥].dx

N £t (4-K+1)-(4-K+2) - (4-k+3) - (4- kid) 6 o

- lim J.i[(l—x)s-x“'k}dx:%- lim j[(l_x)B.zn:X4~k].dx
n—ow 5 k=0 n—oo !

1 4(n+1) 4(n+1)
. 1- . 1- 1-

lim || @-x)*- X—4 dx=1 . lim (a2 0-x - ) 4
n—o 1 6 now 5 1+ X+ X2 +x

o

[ AR

(1—X)2 dX 1 Ilm l(l_X)Z_X4-(n+1)
1+ X +x%+x3 6 now=J 1+X+x2+x°

1 1 2-x 1
gt 1. 2X dx
x+1 2 x?+1 x%+1

-dx

1
o

o

O'-—.H o';-.»—‘
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-[Z'In(x+1)—%«ln(x2 +l)—arctgx](1)

=_. 2.|n2_1.|n2_2 :i. §|n2_E ,
6 2 4) 12 \ 2 2

1 2 A(n+l)
. 1-x)°-x
lim #

N0 o L4xX+X2 4+

o

[E

since:
dx =0.

Another category of sequences follows.
G) Theorem G: Ifp, q, 1, s, teN" and p<r<s<t, then:

n 1
lim > ! —. lim J‘{G(x)]dxl ©
noe £(A-K)-(@-k+p)-(@-k+1)-(@-k+5)-(@-k+t)  noe J[1-x
where:
G(X)=( a1~ X+ o3 X"~ oty X+ 05 X') XT,
1

o= )
p-res-t-(r=p)-(s—p)-(t=p)-(s—r)-(t—r)-(t-s)
a=(r-p)(s-p) -(t-p) (s-r) (t-r) (t-s), =T $-4(s-1)(t-r) (t-5),
a=p s t(s-p)-(t-p) (t-s), ag=p 1 t(r-p)-(t-p) (t-s),
as=p T sr-p)-(s-p)(s-r).
Proof: For every keN*,
1 :a-[i— a2+oc3_oc4+oc5J
g-k-(q-k+p)-(q-k+r)-(q-k+s)-(q-k+1) g-k g-k+p g-k+r qgq-k+s qg-k+t

1
=o- J.(O‘l . Xq~k—1 —a, .Xq~k+p—1 +ay- Xq~k+r—1 —ay- Xq‘k+s—l +ag - Xq~k+t—1) .dx
0

1
=a- I[(al_az XP oy X =0y XS +ag - 1) - XK dx

0
where:
o= 1
p-res-t-(r—p)-(s—p)-(t—p)-(s—r)-(t-r)-(t-s)’
o =(r-p)-(s-p)-(t-p)-(s-r)-(t-r)-(t-s), ap=I-S--1(s-1)-(t-r)-(t-5),
az=p-s-t-(s-p)-(t-p)-(t-s), a=p-r-t-(r-p)-(t-p)-(t-r),
. as=p-r-s:(r-p)-(s-p)-(s-1).
0,

lim Zn: 1 -
1 £ (0K)- (@K P)-(@-K+D)-(@k+9)-@k+D)

k=1
n 1
=o- lim ZI[(al—az-xp+a3-x’—a4-x5+a5-xt)-xq'k‘1]-dx
k=10

n—ow

1
=o- lim IZ[(ocl—az-prr%-x’—a4-x5+a5~xt)-xq'k‘1]-dx
0 k=

n—ow

1 n
=a- lim || (o —0, - XP +0g X" —0, - X° + g 'xt)-Z:xq""1 -dx
n—oo 9 Pz

T ¢ 1 1-x"d
=a- lim || (o -0, XP +og-X" =0y X + o5 - X)) - x4 ——— |-dx

n—oo 0 1—Xq
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1
p r S t g-1
. Oy —0ly - X" +03:X —0,y X +05:X)-X
=a- lim ( 1 2 3 4 5 ) -dx
n—oo ]__Xq
0
1
p r S t (n+1)-g-1
. Oy =0y X" +0g:X —0y-X +05:-X)-X
-a- lim ( 1 2 3 4 5 ) .dx
n—o 0 1—Xq

1
p r S t g-1
Ol =0y - X" +03-X —0y-X +05:-X):X
:a_J’{( 1% 3 : q4 5°X) ]dx,
0 —-X

because, according to (Valcan, 2016, Proposition),

lim
n—oo

: {(0‘1 —0p X" +og X" —ay - X* +og ‘Xt)‘x(nﬂ)'q_l]dx =0.
0 1-x4
The following remark is required here:
Remark GO: A simple calculation shows us that:
al-a2+a3—a4+a5:0,
which tells us that none of the above integrals is not improper.
Corollary G1: If geN*, then:

n M a1 )4
lim z 1 :ij' XTA=X) (G1)
noo #=(q-K)-(q-K+1)-(q-k+2)-(q-k+3)-(q-k+4) 24 ’ 1—x9
Proof: Equality (G1) is obtained from Theorem (G), for:

p=1, r=2, s=3 and t=5
or by direct calculation. Thus, for every ke N,

1 :i_i_4+6_4+1
g-k-(qg-k+)-(q-k+2)-(g-k+3) 24 \g-k g-k+1 q-k+2 g-k+3 q-k+4

1
:2_];1‘J'(Xq-k—l_4.xq-k+6.Xq-k+1_4_xq~k+2+Xq-k+3)_dx
0
1 1
:ﬂ-J.[(1—4-x+6-x2—4-x3+x4)-xq'k’1]-dx:ﬁ-j[(l—x)4~xq'k’1]~dx.
0 0

So,

k=1
1 L 1 I n
=— . lim 1-x)* X% edx == . lim || @=x)*-) x%* |.dx
o lim !;[( R B ng( 2

1 g
:i. lim (1—X)4-Xq_1-i .dx
24 now 5 1-—x4

LM a1 (1 o4 LM (D)g-1 (1 _ 14
=L im [ X0 g L gim [ A0 | o
24 now 5 1_Xq 2 n—o 1—Xq

Ir a1 1\
:i J. w .dx,
24 J 1-x1
because, according to (Valcan, 2016, Proposition),

1
(n+1)-9-1 1 _ )4
lim [ﬂ}dxzo_
n—o 1—x1

Example G1.1: The following equality holds:

n Nl
i ! ST 3t xkY.
D e R Y R W e TR kz_;![(l X)X ax

. 4 1 _ 1
" kzzllk-(k+1)~(k+2)-(k+3)-(k+4)_%' (GL.1)
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Proof: Equality (G1.1) is obtained from equality (G1), for:
q=1,
or by direct calculation. Thus, for every keN*,

1 _1 (1 4 N 6 4 1
k-(k+1)-(k+2)-(k+3)-(k+4) 24 (k k+1 k+2 k+3 k+4

:2_];1.J‘(Xk—l_4.xk+6.Xk+1_4.xk+2+xk+3-).dx
0
1 ¢ 1 ¢
:Z«I[(1—4-x+6-x2—4-x3+x4')-xk‘l]~dx:ﬂ-'([[(l—x)“-xk‘l]-dx.
So,
n 1 1 ¢
D KD K 3)-(k+4) 24 I[(l_x)“'xkfl]'dx
=k (k+1)-(k+2)-(k+3)-(k+4) g
1 1
_ 1 A kA 1 k-1 _1 4 1-X
- J;;[(l R ﬂ(l x)* Z‘X :ldx _([l:(l X' X}dx

1
_1 —_ 3. —_ n .
_z.g[(l x)3- (L—x")] - dx .

It follows that:

1
" kzk (k+1)-(k+2) - (k+3)-(k+4) 24 o I[(l x)*-(@-x")]-dx

1
1
= !1 x)3 dx—— lim j[(l %)% -x"]-dx
1 2 3 4\
:i J.(l 3-x+3-x° x3).dx:i- x—3-X—+3~X——X—
24 d 24 2 3 40
1 (3.8 1)1 1.1
24 2 3 4) 24 4 96

since:
1
lim J’[(l—x)3-x”]-dx=o.
n—o0 o

Example G1.2: The following equality holds:

n
tim > ! :i.(__s.mzj. (G1.2)
noo £=(2-K)-(2-k+1)-(2-k+2)-(2-k+3)-(2-k+4) 24 \12
Proof: Equality (G1.2) is obtained from equality (G1), for:
9=2,
or by direct calculation. Thus, for every keN*,
1

2-K)-(2-k+D)-(2-k+2)-(2-k+3)-(2-k+ 4)

_i i_ 4 6 4 1
24 \ 2-k 2k+1 2k+2 2k+3 2-k+4

1
:2_14_.[( KA 4.y 2K |G 2K g 2k 2K3y gy
0
L 1
=00 I[(l 4-x+6-x2—4-x3+x*) - x2*.dx == -J-[(l—x)“-xz'k’l]-dx.
0 0
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So,

>

n 1
1 _1 Ay 2kg
(2-k)-(2-k+1)-(2-k+2)-(2-k+3)-(2-k+4)_ﬂ'kz_:![(l Xl

1
Z[(l x)* X2k dx—zi j{(l x)* Zx” 1}
0

1
:I-dx.
X

k=1
2n 1 3
{(1 x)*-x- -z :I-dxza-ﬂ(l—x) -X-
It follows that:

R 1
o = (2:k)-(2-k+1)-(2-k+2)-(2-k+3)-(2-k +4)

1 2N
L lim {(l—x)3-x-l X }-dx
1+X

k=1

.|>|'—‘

o!—,n—\ o'—.p

R

z n—ow
IMm 3. 1 2:n+1
:ij. M .dx_i lim (]_ X)S X .dx
24 0 1+x 24 now 1+x
1 lx 3-x2+3-x3—x* 1 I 1
= I :—~I 8-7-x+4-x2-x3-8.—— |.dx
24 1+x 24 1+X
0 0
2 3 4
=L g7 X X g In(x+1)
24 2 3 4
= . 8_Z+£_l_8.|n2 :i. ﬂ_gmz ,
24 2 3 4 24 \12
since:
1 2+l
lim {(1—x)3- } dx =0
n—o0

Example G1.3: The following equality holds:
. 1 1 (13
lim " = .| =43.In3-7-+/3|.  (G13)
now #=(3-k)-(3-k+1)-(3-k+2)-(3-k+3)-(3-k+4) 48 \ 6
Proof: Equality (G1.3) is obtained from equality (G1), for:
q=3,
or by direct calculation. Thus, for every keN*,

1 1 (1 4 6 4 1
3-k)-(3-k+1)-(3-k+2)-(3-k+3)-(3-k+4) 24 \3-k 3- k+l 3-k+2 3 k+3 3-k+4

1
:2_14 J'( K14y 3K 4 6. x 3K _ 4. x3K2 | 3Ki3y gy
0
L L 1
=0 I[(l 4-x+6-x2—4-x3+x*) x3*.dx == -I[(l—x)4~x3‘k’l]~dx.
0 0

So,

n

>

1 1

~(3-k)-(3k+1)-(3k+2)-(3-k+3)-(3-k+4) 24 &

4] oo g

1
J’ [A-x)* x¥*].dx
10

n

3 [a-x* ). o|x_i4

k=1

O'—.I—‘
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1 3N 1 3N
:LJ. (]__X)4.X2.l X3 .dxzi.J. (l_x)?’.xz.Lz .dx .
24« 1-x 24 1+X+X

It follows that:

1

=}

lim 1 J[(l x)? - x? 1-x* ]dx
n—o (3:k)-(3:k+1)-(3-k+2)-(3-k+3)-(3-k+4) 24 n—> x4 x?

1 n+
M} dx-i~ lim {(1—x)3~L}~dx

1+ X +x° 24 now 1+ X +x°

=
Il
UN

R

x?-3-x3+3.x*-x°
-dx

1+ X +x2

|
R
'—,r—‘ o'—.»a o'—,n—\

. (3 6x+4x—x+3 2:-x+1 9 ! ]dx
24 0 2 x2ix+41l 2 X2 +x+1
x2 3 4 . 1
L 3x_6X 10X —X—+§~In(x2+x+l)—3-\/§~arctg 2:x+1
24 2 3 4 2 J3 o
1
:i. 3_§+£_l+§.|n3_3.\/§.£
24 2 3 4 2 6 )0
=L B8 8L 13 +3:In3-7/3 |,
24 (12 2 2 48
since:
1 3n+2 |
lim j L-%)° - ——— |-dx =0.
e o 1+ X+X" |
Example G1.4: The following equality holds:
n
lim > ! -1 (B _3n2]. (G1.4)
now #=(4-k)-(4-k+1)-(4-k+2)-(4-k+3)-(4-k+4) 24 \12
Proof: Equality (G1.4) is obtained from equality (G1), for:
q=4,
or by direct calculation. Thus, for every keN*,
1 114 6 4 1
(4-K)-(4-k+1)-(4-k+2)-(4-k+3)-(4-k+4) 24 (4-k 4k+1 4-k+2 4k+3 4-k+4

R

(x ak-1_y y4k . X4-k+1_4_x4-k+2+X4~k+3~)_dx

R

o'—.r—‘ o'—.»—\

1
NA-4-x+6-x* =453 +x*) - x* .dx == -J-[(l—x)4~x4'k’l]-dx.
0

So,

>

nl
! _1 A Ak
k=1 (4~k)'(4~k+1)'(4-k+2)‘(4'k+3)'(4-k+4)_ﬂ.z'([[(1 X)X dx

:2_14 IZ[(l x)* - x*€ 1. dx-— J.{(l x)* Zx‘”‘ 1} dx

o k=1

1 1 4N

:ij a-x)*-x3 1-x* -dx = ij (1—x)3-x3-% -dx.
24 0 1-x4 24 0 1+ X+X+X

It follows that:
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R 1
n“»nl S (4-K)-(4-k+1)-(4-k+2)-(4-k+3)- (4-k+4)
1

lim {(1 x)%-x3 i}-dx

24 nom 0 1+ x+x2+x3
1 1 4n+3
-1 IM dx -1 im (1—x)3.% .dx
24 < 1+X+X2+X 24 n>w 14X+ X2 +X
1 3— . 4 . 5— 1 .
:i.IX 3X+§X3X x=2. I[4 6-X+4-x2—x —4L+2Xj~dx
24 5 lEx+xT+x 24 0 Xx+1 x°+1
2 3 4 1
L [ gxee X pa XXy An(x+1) + In(x? +1)
24 2 3 4 0
1
= 4—E+£—1—4~In2+ln2 . §—3 In2
24 2 3 4 0 24 \12

since:

1 xAn+3
lim || @-x)°——————|-dx =0.
n—w» 1+X+X"+X

By reasoning inductively, we immediately arrive at the next result, which we can obtain and by reasoning
deductively, from (Valcan, 2016, Equalities (10)).
Example G1.p: For every p, geN*, the following equality holds:

n LM, a1 p
tim >’ 1 j RS ot VI NS (GLp)
n—e 47 (@-K)-(@-k+D)-(@-k+2)---(q-k+p) T ol 1-x1

particularly,
n 1 1
=—.|1(1- P—l.d

nﬁoo ;k (k+1)- (k+2) ----- (k+p) p ~£( X) X
=%-(Cﬁ_l—%Ct_1+§-05_1—-~-+<—1)p2 o CB_i] (61p)

Finally, we have reached the last category of sequences whose limit we want to calculate.
H) Theorem H: Ifp, g, 1, s, t, ueN" and p<r<s<t<u, then:

R 1 _ H(x)
e Z(q-k+p)-(q'k+r)'(q-k+S)-(q’k+t)-(qok+U)_a n%ﬂl xq}d - ®

k=0
where:
HX)=(aa- 0 X" P+ 0t X7 P- 0ty X P+ 05 X P) P,
1
=P 6P t=p)-(U=p)- (=) (t=D)-(U=1)-(t=5)-(U=9)-(t-9)
oy =(s-r)(t-r) (u-r) {t-s) (u-s) (u-t), =(s-p)(t-p) (u-p) (t-s) (u-s) (U-1),
az=(r-p)(t-p) (u-p) (t-r) (u-r)(u-1), ay=(r-p)(s-p) (u-p)(s-s) (u-s) {u-s),
a5=(r-p) (s-p) (t-p) (s-1) {t-r) (t-5).
Proof: For every keN*,
1 —
(@-k+p)-(@-k+1)-(@-k+5)-(@-k+1)-(@-k+u) -
:a_(al_oc2+a3_oc4+oc5]
q-k+p q-k+r q-k+s g-k+t g-k+u

1
=q- J.(O‘l . Xq~k+p—1 —a, .Xq~k+r—1 +ay- Xq~k+s—1 —0y- Xq~k+t—1 +olg Xq~k+u—1) .dx

0
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1
=q- I[((Il —oy X" g X P —oy X TP 4 ag - XUTPY) - xTRP
0

where:
s 1
(r=p)-(s—p)-(t—p)-(u=p)-(s—1r)-(t=r)-(u—r)-(t=5)-(U=5)-(t—5)
ag=(s-1)-(t-r)-(u-r)-(t-s)-(u-s)-(u-t), ap=(5-p)-(t-p)-(u-p)-(t-s)-(u-s)-(u-t),
ag=(r-p)-(t-p)-(u-p)-(t-r)-(u-r)-(u-t), a=(r-p)-(s-p)-(u-p)-(s-s)-(u-s)-(u-s),
< as=(r-p)-(s-p)-(t-p)-(s-r)-(t-r)-(t-s).

lim Zn: 1 =
no &=(q-k+p)-(q-k+r)-(q-k+s)-(q-k+1)-(q-k+u)
1

n
=o- lim ZJ.[((xl—ocz X oy X —ay X 4 - xUP) - xTRP L dx
k=10

11
Q
£3

(0 =0ty - X" oy X P —ay - xP g - x"P) xPE dx
1-x4

n—oo
1 n
=a- lim IZ[(al_az‘Xr*p+0t3'Xsfp—0t4-thp+a5-x”*p)-xq'k+p*1].dx
n—oo
0 k=
o n
=a- lim J. (ql_az_xr—P +(x3'XS_p—O(4'Xt_p+(l5~Xu_p)-Xp_1-qu'k .dx
n—oo
oL k=1
il 1_X(n+l)-q
=a- li J.((xl—ocz-xr_p+0c3-x5_p—a4~xt‘p+q5.x”‘p).xp—l._ .dx
n—oo 1_Xq
oL
j-
0
1

r-p S—r t—p u-p p-1 (n+l)q
T (=0 X " +og- X =0y X 40X ") XPTX dx
1-x9

n—oo

1 - - - - -1
(o =0ty - X" P oy - xP—oy - X"P o -x"P) - xP }
=0 J.|: -dx,
O
5 1-x
because, according to (Valcan, 2016, Proposition),
1 t-p u-py  p-1  (n+1)-q
- —0yX 40X T)-XPTX iy =
nll—mo . 1_x0 } dx =0.
The following remark is required here:
Remark HO: A simple calculation shows us that:
on- o+ oz- oyt as=0,
which tells us that none of the above integrals is not improper.
Corollary H1: If geN", then:

n 1 1 ra-x)*
lim " =—. Sdx . (H1)

noo #=(q-k+1)-(q-k+2)-(q-k+3)-(q-k+4)-(q-k+5) 24 5 1—x4
Proof: Equality (H1) is obtained from Theorem (H), for:

p=1, r=2, s=3, t=4 and u=5
or by direct calculation. Thus, for every keN",

1
(@-k+1)-(a-k+2)-(q-k+3)-(a-k+4)-(q-k+5)

s—r

l:(cxl—ocz-x"p+a3-x

_ 1 1 4 N 6 4 . 1
24 {gq-k+1 qg-k+2 qg-k+3 g-k+4 q-k+5
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1

24

1
24
So,

i 1 1
<(q-k+1)-(q-k+)-(q-k+3)-(q-k+4)-(q-k+5) 24 now

1

= J'(Xq-k —4. Xq-k+l +6_Xq~k+2 —4. Xq-k+3 +Xq-k+4)_dx

0

1 1
-J.[(1—4~x+6~x2—4~x3+x4)-xq'k]«dx:%-I[(l—x)“-xq'k]-dx.
0

Nl

im Zj[(l—x)“.xq"‘].dx
k=10

Ilm IZ[(l x)* - x9K]. dx—— Ilm J[(l x)* quk:l dx

1 (n+1)-q
Jim ] @a-xt 22X ax
n—oo 0 l—Xq
1 Y 1 (n+1)-9 1 _ )4
lim j(l ) PV T | S ot I .olx:i-j(1 )" 4
n—e & 1-x1 24 now o 1-x4 24 J 1-x9

because, according to (Valcan, 2016, Proposition),

lim

n—oo

1 I:X(n+1)~q i (1_ X)4

]dx:O.

1— x4

Example H1.1: The following equality holds:

lim Zn: ! -1
i £t (k+1)-(k+2)-(k+3)-(k+4)-(K+5) 96

(H1.1)

Proof: Equality (H1.1) is obtained from equality (H1), for:

q=1,
or by direct calculation. Thus, for every ke N*,
1 :i.1_4+6_4+1
(k+D)-(k+2)-(k+3)-(k+4)-(k+5) 24 (k+1 k+2 k+3 k+4 Kk+5

1
:2_];1_I(Xk_4.Xk+1+6.xk+2_4.Xk+3+xk+4-).dx
0
1 2 3 Ay K i 4k
=ﬂ-j[(1—4~x+6~x —4-x7+Xx7)-X ]~dx=a-j[(1—x) X" ]-dx.
0

So,

n

1 1

Z(k+1)-(k+2)-(k+3)-(k+4)-(k+5)

IZ[(l x)* x]dx-— I{(l x)4-

1
= [(1-x)*-x]-dx
|

1
XK |ax =L I 1-x)* 1-x"
/ 24 0 1-x

=}

}.dx

k=

1 3 n+l
=—|[1-x)"-@-x")]-dx.
24 »([

It follows that:

lim Zn: !
o £t (k+1) - (k+2)- (k+3)- (k+4)-(k-+5) 24 Jin

j [1-%)%- (- x")]-dx

1 3 1 H 3  n+l
= .|10- dx-—- | 1-— . -d
1 E[( X) X 2 nIm '([[( X) X ] X
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1§ 1 x2 _x3 x4t
:—.J.(l—S-x+3‘x2—x3)~dx:—~ X—3—+3——-—
24 ° 24 2 3 40
-1 (3,3 ). 111
24 2 3 4) 24 4 9%
since:
1
lim J’ [(-x)-x""]-dx =0.
n—oo A
Example H1.2: The following equality holds:
n
tim ) ! =L (gm2-28) (12
nowo £=(2-k+1)-(2-k+2)-(2-k+3)-(2-k+4)-(2-k+5) 6 3
Proof: Equality (H1.2) is obtained from equality (H1), for:
9=2,
or by direct calculation. Thus, for every ke N,
1 _
(2-k+1)-(2-k+2)~(2-k+3)-(2~k+4)-(2-k+5)_
_1 [ 6 4 1
6 \2.k+1 2k+2 2-k+3 2k+4 2-k+5
1 1
1 1
2. I(sz 42K LG x2KA2 g 23 |y 2kedy gy = = J‘[(l %)% -x2%]-dx.
6 6
0 0
So,
- 1
lim = lim j[@. x)* - x2K]. dx
nowo £=(2-k+1)-(2:k+2)(2-k+3)-(2-k+4)-(2-k+5) now 6 =
1 g 1 h n
== . lim —x)* . x?XT.dx == lim —x)4. 2k |,
- nlmszzKl x)*x*]-dx = - lim 0(1 X) ggx dx
1 2:n+2 1 L3 x2n2
==.lim .[ a-x)*- 1X— =S gim [E207 @) g
n—w 1—x2 6 now ° 1+Xx
1 3 1 3 2n+2 1
-1 J( )" dx-Logim [E20TXTT _EJ‘ CXP 4 dex—T4—2|dx
6 1+ n—o 1+Xx 6 x+1
0 0 0
. +2-7+8-In2 8In2—E
6 3 6 3
since:
1 3, 2:n+2
L oim (A= xT .
6 n-oow 0 1+x
Example H1.3: The following equality holds:
n
lim }: ! L7 53], (H1.3)
noe £=(3-k+1)-(3-k+2)-(3-k+3)-(3-k+4)-(3-k+5) 6 \2
Proof: Equality (H1.3) is obtained from equality (H1), for:
9=3,
or by direct calculation. Thus, for every ke N,

1 —_—
(3-k+1)-(3-k+2)-(3-k+3)-(3-k+4)-(3-k+5)

_1 1 : 4 N 6 B 4 N 1
6 (3-k+1 3-k+2 3-k+3 3-k+4 3-k+5
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1 1
:%.J‘(X3~k_4_X3~k+l+6.X3.k+2_4_X3.k+3+x3.k+4)_dx:% J’[(l x)* X3k] dx..
0 0
So,
_ 1 . ST
lim = lim =. 1-x)* - x%*]-dx
nawkz 3-k+1)~(3~k+2)'(3-k+3)-(3~k+4)-(3'k+5) n—>wo 6 ;-([[( ) ]
1
=4 IZ[a 9o dx= L lim | [la-x" Zx“ dx
6 ok 6 now
1 3n+3 1 3n+3
:l. li J. (1_)()4.1_)(—3 .dx :l. li J'(].—X) (1_X2 )dx
6 now 0 1-x 6 noo 0 1+X+X
1 3 3n+3 1 .
L0 Ly udxzq[_m_g.%)w
6 01+X+X 6 n—>ooo 1+ X+ x? 6 5 X“+X+1
-1 ——+4—3-|n3j:3.(1—3| 3
6 6 \2
since:
1 3 ,,3n+3
1 oim (@27 x7 .

6 nowd Lax+x’
Example H1.4: The following equality holds:

n

lim »° 1 :1-[4-|n2———1]. (H1.4)
oo £=(4-K+1)-(4-k+2)-(4-k+3)-(4-k+4)-(4-k+5) 6 2
Proof: Equality (H1.4) is obtained from equality (H1), for:

q=4,
or by direct calculation. Thus, for every ke N*,
1
(4-k+2)-(4-k+2)-(4-k+3)-(4-k+4)-(4- k+5)
Jifr 4 6 4 1
6 \4-k+1 4-k+2 4-k+3 4-k+4 4.k+5)
1 1
:l J‘(X4-k_4.x4-k+l+6.x4-k+2_4.X4-k+3+x4-k+4)‘dle I[(l X) X4k] dx
6 6
0 0
So,
n n 1
1 .1
im > = lim —~ZI[(1—X)4~X4‘k]-dx
now £=(4-K+1)-(4-k+2)-(4-k+3)-(4-k+4)-(4-k+5) n>= 6 =
I|m IZ[(l x)*-x*]- dx Ilm J'{(l x)* Zx‘”‘:l -dx
4-n+1 _ (1 An+l
:l-llm f @-x)*- 1X— dx—l lim [’ (12X - ). dx
6 1-x* 6 nom o 1+x+X"+X
1 _ L \3 .y 4ntl
L0 Ly [0
6 o 1+ X+ X" +x 6 n—oeo o L+ X+X"+X
1
=1.j(—1+4-i—2- 21 j-dx:l.(4.|n2—§—1j,
6 0 X+1 X +1 6 2
since:
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1
1 . )3 .y 4n+l
~ . lim (]'X)%dx =0.

6 n-oe 5 LHX+ X" +x
By reasoning inductively, we immediately arrive at the next result, which we can obtain and by reasoning
deductively, from (Valcan, 2016, Equalities (10)).

Example H1.p: For every p, geN*, the following equality h0|dS'

s 1 ta-xP
| cdx . H1.
“Ln;kzzé(qkﬂ)wkﬂ) ----- @k+p+l) p' $ 1-x¢ § (F-p)

particularly,

n 1
Iimz ! -1 jl x)PL - dx
o e=(K+1)-(k+2)---- (k+p+1) p 0
1o 1 1 1 o p2 1 o p1 1 pa .
—E-[Cpl—;cp1+§-cp1—---+<—1) P R =Y (HLp)
Equality (H1.p") results from equality (H1.p) or from (Vilcan, 2016, Equalities (10")) and taking into
account the fact that, for every keN,

1
(kK+D)-(k+2)-....(k+p+1)

[(1—x)? -x¥]-dx

N
p!

O'—.H

1.
pl
S U B S SR SO
Okp! k+1 2(p-1)! k+2 pt0! k+p+1

[xk —Cp XM Ch XM ()P e X (D) B ~xk+p]

O'—.H

So,

:i.lim IZ[(l-x)p-xk].dx:i.lim J.{(l—x)‘*Zxk}-dx
n—o0 =i p! nox 5 —

1 1
=L lim {(1 X)P - 1 X ]dx:%-”m H(l—x)"*l-(l—x")].dx
! N> 0

p| n—o0

1-x)P? dx-—~nli£.10 j.[(l—x)pl~x”]-dx
0

=R

(Cg,l =X Cpy+X2-Chy— 4 (-D)P 2 xP2.CO 4+ (-1)P L xP ng)~ dx

: Cg_i] )

O';;H O'—.I—‘

'S—ZIH
'OIH

1 1 _ 1
(C&—;Ct1+§~C§1—---+(—1)p2~ﬁ Co2+ ()P

since:

1
lim I[(l—xp‘l)-x”]~dx=0.
n—w 0

I11.  Conclusions
Now we can say that we have solved the problem of calculating the limits of the sequences of type
(H1.p). I worked inductively, starting from small values of p, g and k. The attentive and interested reader of
these issues will notice that one can also work deductively. On the other hand, teachers, in class, or training
circles / camps, with students capable of performance, can take other values for these numbers, only then the
calculations will be more complicated and the results more beautiful, more spectacular.
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